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"i:~~BSTRACT

;:.:1~:i;71proVi~ZSantenna performance ill response 10 c!wllell,f.;·in!! enviromncntul /I('/.'UIII'i(l[1I (stocliucstic
,~ti;~medium)"'eqllires urgent call for scientific attention . Tli« present rcscarcl: lookl'd into this by
",'}:co1ZstrLlcling; andtuunericallv so/ring Grcctis /iUlcTiIJIIs. Till' C.;recll's [unction solution [allows
'p.:i/!llproving antenna performance in response to cliall ('I: (! illg ('11 1'irollll[CnI ul het/m' 'Oil r (stocliast ic

'·'~).1.ledillm).· require,( urgent call [or scientific asvmptoti« bcliuviour. witl: Cl niarkcd .Iccreasc ill the
:":&/lrellf?1h..:,(t~/f!,,~ectrol1lfigllelic .I~c?ld us "". ra.::i(/~ distance incnascs. ru: is dt«: ". !he transfer of'
~;;~:;.,:;.et1erg}'l(.laspherical wave front (i.c eucrg» IS dissipated ClS tlu: l\'!i1'(' radiate: ({\\'O\!/I;1I1 tlic source}.
~f;~it;;W!!~si<l~;~r:"'efhitC::rjJref(!dthe slow dccuv ill tlu: jidel (/1 lars;« tiuu:s to ln: connected 1",i,11 tlu: gradual
;;;~il:j\te,la:x:dti(Jil'0Ithe 'mediulIl after tlie initial l\'llh [rout passc»]. Overall. 1111's'e/fill! luis practical
~;';M~l~pj)Plidcilion·in designing omni-directional radil~til/g ..~·,~·.\'((,/l1tuntcnn«). ('.IIJ('('icll/y l\'I!,'1I 1Ilc'I'(' is need
";:::#oaddress the challenge oJ aperture (urrayat) directivitv.
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I~NOTA~I~NS'
:~})~,~,.,', ' ' ,,;. ,

:LAff,'a,) ==Attenuation coefficient
+·'~\~V{O.=rI~eaVisidestep function .

.~~tG(R~:/r= Three dimensional Green's function
,~:;:j1'~(Rlc)' ==Delay term.-", 1\'.r. n· t'::iL lj4nR}=(Spherical diffraction factor
:/';~:LCl==Phasttspeed in the limit of zero frequency

,:\". " ... ", ' ,
~.b~p•.:EPh~sespeed in the limit of infinitely high frequency
~: :.'.~.-:~:'; .

,~:.;'.: ,
.1.6'»,,/" '1NTRODUCTION
~,,: in'recent times, the need 10 intcnsifv efrorts
iJ.,;:· • . •

:'\:<on improving steeling mechanism that wil]
~~.:::;;,,:.enhaoce..antenna dircctivity performance ill

':.~/!;~::such.away. Ihat gain will not be unucccssuri iy
.!;;::';~:.:sacrificed has been, well orchestrated (Brookcr.
itE?:: i1991;, Brown et al., 1998: Kraus and Markcl;a....•. '. .'. . .
·~,.,2002) •..Critical study of the irnpacts [hat the

;~~~trunsicllt.wa.ve from radiating svstcrns \\ III
., .•..
....;: :

sui fer as it propagates from the source (through
a stochusric medium) LP .hc receiver has been
prescribed 03ro\\'11 et ill.. 1()();; '. Onc notable
mathematical tool that l',1I) he used to
churactcri.tc the dlstrihl:li'll1 or electromagnetic
wa vc In 1111 source tu rccci VCI is the G rccn ' s
function. To this end. w« use the construction,
and numcricul ~'()lnplll<lti\lll; of Green 's
I'll!: -. \.I(l~1 1\) ~1I1;d\'c I h" Gaussiun
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spreading of waves from a spherical rauiating
source with H viev.' to addressing the above
mentioned challenge. The observed Grccns
function follows asymptotic behaviour with
rapid decay in the amplitude.

There is marked decrease in the strcnuth of
. '-.

the electromagnetic field LIS the radial-distance
increases. This is due to the transfer of energy.
from spherical I,Vi.lVC front to a slowly decaying'
wave (i.e. energy is dissipated as the 'wave
radiates away from the source (Jack son, 1974 ).
Besides, the slow decay is interpreted to be
connected with the gradual relaxation of the
medium after the initial wave front has passed.
This paper has practical applications in
designing omni-directional radiating system
(antenna), especially when the need to address
the challenoe!of aperture (array) dircctivitvo __

arises.
Section 2.0 presents the theory of Green's

function. The numeric: ..d scheme and the results
are discussed 111 sections 3.0 and LLO

respectively, followed hy the conclusion in
section 5.0, and then the Appendix.

2.0 THEORY

The Szabo wave equation (Szubc, Il)Y-l)
approximates power law media with attenuation
coefficient given by;

a(w) = a..lr~\· (l)

Leiblcr et al. C::~OO-l)expressed this equation in
terms of fractional derivatives, whereby the
machinery or fractional calculus was utilized.
For y -j:. 1, Equation (I) becomes;

Y' ~ __ 1 () 2r _ 2 (1'" () "I I} = 0 I
P ':'l' ( /):l \.1 (- )c; ot - cl' cos H} 2 ot

where the third term accounts for dispersive
loss. In special cases or y = 0 and y = 2 , the
fractional derivative term reduces to first and.
third temporal deri vaii vcs respecti vcly, which
can then be solved by standard methods.

; The y = () case corresponds to the
telegrapher'S equation (Kclly er al., 20(8)

2 I ()2 jJ 1(1., ()[i
Y' P --, -. -, -~--. - == () (3)

c: ell - r ell

LCa.-!!' ..q";'J#~~

--, ..·--·"-·nr ..· -
. . '" ....•..•.....•..- . ..', ~~

E.-quation (3) can 'be ·llui~~dl,:ig-[I:m~:Q.~fl. .1qnl!~t
. '1.1 1\ l.'< _'JXlf·:JI.;I.lIJ l

dimensional damped string, I mo~on I and. ".', n )'JlflHIJ.l1 I) ,I;
elcctr~l~agnctlc. w,ave,; i~~WP~gl}..O,tlJ-I(JI}~
conductive media .. !hc; r,c~~~?~r.rllfEtlffWHY,c•.
IS the phase speed m the, 'Im~~O[(!l1firv.t~Jy, nIgh
frequency and all is the attenuation tqooffiaient
Ior (0 = I. The three "dimeli~i:oh'all~JGreeri;s
function for Equation (3)'cohsists?ofJf}il8ItetTns!
an exponential attenuated spheHcaiIWa\te',iWHibh

. ' 1fT j I I'is localized at time Rlc",: and ci1wakeJiiiv()!vifiri
, 00 I is

. a modi Iicd Bessel function, which extends for
infinite time. For small a,J,-·thel three
dimensional Green's function can be expressed
as;

<5(t - Rlc) .'
G(R,t) "'" (J(t)exp-U.R 4nR - (~) 1

where Uu) is the Heaviside step fu~cticinl
Similarly, the y=2 case rorrespon~slto the
Blackstock equation (Kelly ct al., 201)8); .

• I

\l~p __ 1 ()~r _la" ()3p =0 (~) ~
(': (){~ C.. ()('l

- -
Equation (5) can be used to model the acoustic
wave propagation in viscous media under. plane
wave approximation for small ao' and small·
frequency c.~(the phase speed in the limit of
zero frequency).

Using Fouricr transformation technique,
three dimensional Green's functiorrof'Eq. (5) can
be written as;

, I I ( (t - RI cY J(J(N.,l)""'-~ exp - .... (6)
41lf\ 41lRa 4RaoCl • I

Equation (Cl) predicts Gaussian spreading of
spherical waves as the field radiates away from
the source (Kelly and McGough, 2008),: The
details of the derivations of Equation (6) are
shown in Appendix A.

3.0 NUMERICAL SCHEME

This paper centres on the Blackstock, I"",
component of Szabo equation, whereby the
l Icavisidc step function is set to unity, The
numerical Ir.unework is based on Equation (6).
This equation predicts iheGaussian spreading ..~(
of 'spherical waves as the- field- radiates-uway
from the' SOlII'C c , using the theory of Green's
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f\'II!I" .••.".,. •. .~I~;r:--t~·.-
1iI:~~~'Glee.n' s function . is
11.J. (. "h:'cRI »:ela. erm, Co scaled by

, ....m. ~":R~~dphbricaI diffr~ctioll
, . 11//)"

• ".I yet aI.,2008).[., t,·, ,.. ,
ters' for 'the simulations arc

4'. "'" !,9~fh7h~!.Ispherical source (radiator) IS

ssum~to!havelan aperture size a = 0.01""
·'ifh,e)':J·i~_tteI)JAa~9n;coefficient is assumed la

~~~n~!l\p.~cqns~.ant -val ue of 0.1, throughout the
. ~~qly~i,s,,"•.'c\nd,;·~smallphase speed was also
~p~~~4Ifh~d';hWtf.considered simulation time

n,r:-,,-,,:,--~--'----------------------''-_._-------------1
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c'clilbc;,·'))ft}i/ X~(): ,\Lda, ,\.·H. Adcloye
and EJ). Somove

. 4.0 DISCUSSION
• 11 ., :i

The' thrust·' of . this paper centres on the
construction . and .nurnerical computation of
Green'sfunction in time domain, with a view to
analysingthestatus of the electromagnetic wave
as' it : propagates from the source (spherical
radiator) to: a' defined radial distance, R. The
Green's ;function (Equation (6)) predicts the
Gaussian 'spreading of spherical waves as the
field radiates away from the source. Equation

(6) is localized at t = (R/cn).

'Ihe .parameterization of the simulation is
purely; arbitrary. The attenuation coefficient is
assumed.to be small for numerical convenience.
Under practical conditions, the attenuation
coefficient is environmentally dependent. The
numerical computation for the Green's function
is carried out for 'varying propagation time for
three different radial distances (0.01 m: near
zone,O.Jm: intermediate zone, and 1m: far
zone); having assumed that the source has a
spherical aperture size of 0.0] m (radius).

Thenumerical results are plotted in Figures
1-3,and 'comparative observation in Fig. 4. The
observed Green's function follows Gaussian
distribution (Kreyszig, 200S; Akala et al.,
2010), with common' symmetry about t=lOl-Is
and' the!· solution' falls asymp-totically. The
Green's-functibn' decays 'rapidly from the point
of.. symmetry. to about 20~lS. As the time
approaches infinity> the Green's function on the

·other hand approaches zero.
A decrease in the t~il. of the amplitude of

·the Green's function is noted as the radial
distance; from the source increases. We

; interpreted this to have' a direct relationship
·with' the strength of the electromagnetic field. III

other words, the Green's function represents the
strength I of the electromagnetic field. In
comparison with the aperture size, there is
marked i decrease .in the strength of the
electromagnetic field as the radial distance
increases. This was observed to decrease from
about 70 (unit) to 0.07 (unit) for the near zone
and far zone respecti vel y. .

"I'hephysicalinterpretation of ~le fall in the
strength of the electromagnetic field is th.u
energy is being transferred from spherical \\';1"(

front to a ~lo\\ly decaying wave (i.c. energy is
dissipated as the wave radiates :i\~'ay from the
source (Jack son, I tJ74 )). Besides, the slowly
decay is interpreted to be connected with the
r;radual relaxation of the medium after the~ .
initial wave front 11;IS passed. This effort has
practical applic.uion III omni-directional
radiating system (antenna) dcsigr.s, whereby the
challenge of aperture (array) dircctivity needs to '
be addressed.

5.0 CONCLUSION

TIe Gaussiun spreading of vuvcs from a
spherical radiating source has been presented,
with the construction and numerical
computation of Green's tunctio: as the centre
tool. The observed Green's fu.iction follows
asymptotic behaviour with rapid decay in the
amplitude or the Grccns function from the
centre of symmetry ill time to ahout 20ps. The
function also approaches zero as the time
approaches infinity, which im ilics that the
Green's function as applies to electromagnetic
radiation obeys Gaussian spreading.

There is marked decrease in the strength of
the electromagnetic field as the rulial distance
increases. This is due to the trarsfcr of energy
from spherical wave front to a sowly decaying
wave (i.e. cncrg y is dissipated as the wave
iadiatcs away from the source (Jackson, 1974).
Besides, the slowly decay is interpreted to be
connected with the gradual relaxation of the
medium after the initial wave front has passed.

Overall. the effort presenter. in this paper
has practical applications in the c csign of omni-
dircctionul radiating SYStCll (antenna),
cspccinlly when the need tt' address the
challenge of dPCl1l11C (aIT~I)')dircrt: vity arises.
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,UJ .. \ kul.t. :\./1. /\dcloyl' ~J"
------------ -------. ------

1 ~ IT 2fT _

G(R,t) =--1 fffG,,(t)exp(ir!<cosO,)x:sill(} !'-c/lp,dO,/;-
8n-' /"o 0 o .

After evaluating ((7/, and 0" integrals 111equation 1:\(11.

G (IU)=,_J-, -r"/Jsin(/lf()(;, (r)d/,
21[-1< Jo

Substituting equation (AS) into equation (A 7) and cx pl. )11\\l~ till' c. CIl\ll'~' \ 1/ Illl' 111q.:l'and yields:

. { »:r' I 'slI1(/l!?)exI ---'-,-- IS1l1«,r/l1
G (R,t) = c"U,<t) f~ , ,- I -- --- ,11'

4n-R -~ 7.
It is worthy to note that equation (A8) is an ex act IIl1111l'1 Illtq;r,i1 rl'[llc)Cllt, uun uf the three
dimensional Green's function. Evaluating this illtl'~Jal ill close 'forlll -;L'l'Il1S impossible. For
simplicity, there is need to set X to unity, so that.

c U (t) f~ . (' It' - !,: ( I '
G (R,t) = 0, SIn(pR)cXI~- ' '-111{(' !l{)d!l

4n- R -~ \:2,
Adopting an identity based on cosine addition formula.

1 -f ( 2) " 1 [( .,) ( ,.)]- ex p - ap Sill ( pR) s111(bP )dp = ~ ex P - ( R - b )- I -+ cl -, l'\ P - ( 1\ I h)' /-1 (I (\ I () )
n _~ ...;4mr

. , cl cc ; t :{/ -, /1, - r ' I '
equation (AIO). and taf.;lIlg t I - and " : cquu.ion (A9) call be

(;\ 7)

( -\ ~ )

(NJ)

Using the identity ill
expressed as;

G(R,t) :::: U~ lexr(- (t - RI C,,)2 /2)1 )- c.\p(- (I -+ Rc" i2 12f1 )]
4nR 2ll)1

Setting ,1 = 2Rao , equation (A 11) becomes:

G(R,t)"'" U4~) 1 [exp(-(t-RI(',,)2/~Ru,)-C\p(-(r ~.ICc,,)c/-·'r!\(I,,)l I'
/U\ 471Ra" (,\ '-)

The first term of equation (A12) represents the outgoing wave. whi lc the second tc.rn represents the
incoming wave. At large times, the incoming \\',\\C tcrm cun hL' IlL'~deL'tL'd,

l'-\ I I }
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APPENDIX A :., }:~;:::IUr.\) ,\)

Defining the Green'sfunction thatsatisfies
(he Stokes equation in.space-time domain as; :1

2 1 a2c av2c ,"'}'./(".:")1!;);WI(~fl';{;\!!'
V C ----- y-- = -~ t "M(R .!AI), .'

2 dt2 at'" , .•. J!\.' f' .ill,I\'"
Co

where Cv is the thermodynamicspeed of sound
and r is the relaxatio;n tine'ohh~·~z4;di~fu. ;,'" "
Using Fourier transfOrin·i.t~~HM~ug!!~ibll:V!ffid··
McGough (2008) expressed /."~qU~iiOn':(l;)'as;"

(
" \'J" ,'\ ).rr.r(L"~t~rt,!Pi' f ::::,,,

. ,(tJ- ., '., "

- p - + ~ - ytp - (1) cup:.: -.1,~, ;~'i'7:"~f--2h..,:",r '?

Co 'i: n!ll:r,""hlli~,}.f:J;fllli?' I .
. "'t '. t ~(1'l'" r . ~ ,. . II:'. • I

where p = Ipl is the magnitudeyot.thez spatial
f· Irequency vector p " ::L':'.'i'"",~ , ;.~Q,,',"j;

• . ~, I , ••...•

Solving for C(fV1d:?~rfO~i~g~ ~,~ in~erse
Fourier transform )yen".>\~.UJI,;\ Il"glves,

I, .}' •• / \.

C =-'-[ C exp(i{a\"(1) (\\;\ __ '(11.13')".
P 2:rc - tqJ ./.,' ;;\~ l:" t, n. '

Cl ~ expo(i~''(v .' ,', " . i,,' '
= --'-' L~ ~d{J)!')1 A4~1 ;1' [

2:rc (w - ea, XU~ -~ w-:: L,i!, .'l ~~rJIjll~" :id

where cu± = ifC~P !/2±Co:PX;f/ and

X = ~l- y2c,~ pl/4, Eva:uati~gie~~~t;on (A4)
via contour integration yil~Ids;, ,

c V(t) (}C2 p2t ~ .. (. 'i' )
Cp(c):!: °JP exp -~!ll'~IC~P~ .

, ,,(AS)
Employing three-fold inverse Fouriertransform,

. the three dimensionaGre.en's function
(spherical coordinate system) can be recovered
as, .\ ",


