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-ABSTRA CT

[mprovmg antenna performance in response 1o challengine environmental bel:anviouwr (stochacstic
medium) requires urgent call for scientific attention. The present research looked into this by
constructing, and numerically solving Green's functions. The Green's function soiution follows
Improving. antenna pezﬁmnunce in response o challeneing envirommnental belianour (stochastic
“mediuin) reguires urgent call for scientific asymptotic behaviour. with a marked Jdecrease in the
V:gueuglh of the electromdagnetic field as the radial distance increases. This ix due te the transfer of
eizergy via Splzeru,al wave front (i.e encrgy is dissipated as the wave radiates avway ficm the source).
eside we: mlcrpref('d the slow decay in thc /uld ar large times to be connected yeith the gradual
<I‘é,la,xatl()lt uf the mediwmn afier the initial wave front passed. Overall this “offore has practical
applzdahon in designing omni-directional radiating svstent (antenne). expecially w vhen there is need
to address the challenge of aperture (arrava0 directiviiy.
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NOTATIONS

= A_ttcnuatlon coefficient

'U(l)“‘Hcavisidc step function ' .
G(R.r) = Three dimensional Green's function

:»(R/c,) = Delay term

]/471R), =:Spherical diffraction factor

¢, =Phase speed i in the limit of zcro frequency

-,,c,,=,Phqse speed i in the limit of infinitcly high frequency

5 I\ITRODUC'I ION sutfer as it propagates from the source (through

_ In recent titnes; the need to intensify efforts a stochastic medium) to “he receiver has been
on -improving steering mechanism  that will prescribed (Brown ct al.. 1998+ One notable

enhance :antenna dircctivity performance in mathematical  tool  that cun be  used (o

such .a-way. that gain will not be unnccessarily characterire the distribution of electromagnetic

sacrificed has bcen, well orchestrated (Brooker. wave from source o receiver is the Green's

-:1991; Brown et-al., 1998: Kraus and Muarkeka. function. To this end. we usc the construction,
+:2002).. Critical study of the impacts that the amd  pumcnical  computations  of - Green's
;txunsxcm»w‘gvc from  radiating systems  will fue ton to anulyze the Gaussian
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spreading of waves from a spherical radiating
source with a view (g addressing the above
mentioned challenge. The observed Green's
function follows asymptotic behaviour with
rapid decay in the amplitude.

There i1s marked decrease in the strength of
the clectromagnetic field as the radial-distance

increases. This is due to the transfer of energy -
from spherical tvave front to a slowly decaying -

wave (i.e. cnergy is dissipated as the wave
radiates away from the source (Jackson, 1974)).
Besides, the slow decay is interpreted to be
connected with the gradual relaxation of the
medium after the initial wave front has passed.
This  paper has practical applications in
designing omni-dircctional radiating  system
(antenna), especially when the need to address
the challenge ‘of aperture (array) directivity
arises. :
Section 2.0 presents the theory of Green's
function. The numericul scheme and the results
are  discussed in sections 3.0 and 4.0
respectively, followed by the conclusion in
scction 5.0, and then the Appendix.
2.0 THEORY
The Szabo wave cquation (Szabe, 1994)
approximates power law media with attenuation
cocefficient given by;

a(w)=a,lef (1)
Leibler et al. (2004) expressed this equation in
terms of fractional denvauves, whereby the
machinery of fractional calculus was utilized.
For v #1 , Equation (1) becomes;

. 19 2 3™

VAR g ™p o)
r (-; al' C'“COS(H_\‘/z) ()I"“l (

where the third term accounts for dispersive
loss. In special cases of v=0 and y =2, the

fractional derivative term reduces to first and .

third temporal derivatives respectively, which
~can then be solved by standard methods.
The v=0 case corresponds to the

telegrapher’s equation (Kelly et al., 2008).

5w
vipo L ey (3)
¢oodr c.odr

'wl[ du n mﬂ?

Equation (3) can be use ops

. . AUES 0 Vi MIRE )
dimensional damped‘ slnng” i ”c])' oM “n' ”
clectromagnetic ~ wave' lp{?pgga on m”q

conductive media. The referegl quf{ggu%qy C.
is the phase spccd in the, limit, of,mﬁmtgly, hlgh
[requency and @, is the qttcnuatlonx(}OCfﬁclent
for @=1. The three" dlmehslohaIPJGreg
function for Equation (3)'b0h§i$t§’6f’l’W6‘téi‘h’i§‘
an exponential attenuated sphéhcal”WaVe'WHlbh
is localized at time R/c', and a’wakeblri\’dl\/mg

-d modnﬁcd Bessel function, which extends for

small -~ a,,” "the} three

dimensional Green’s function can be expressed
as; ' -

infinitc  time. For

R 5(t - R/Cw) . :
— (4) :
47R
where U(t) is the Heaviside step fugctloni
Similarly, the y=2 case "corresponds to the

Blackstock cquauon (Kelly et al., 20’)8)
v- [)———a, E_ 22, 4 p
codt” C. o’
quuu(ion (5) can be used to model the acoustic
wave propagation in viscous media under. plane
and small.

G(R,t)=0/(t)exp™

=0 &

wave approximation for small «,,
frequency c¢.(the phasc speed in the limit of
zero frequency).

Using Fourier transformation technique,
threc dimensional Green’s function of:Eq. (5) can
be written as;

t-—R/c)2

1 1 (
G(R, 1) = exp| — -t
A= i AT 4Ra ©)

o . o

Equalmn (0) predicts Gaussian spreadmg of
spherical waves as the field radiates away from
the source (Kelly and McGough, 2008): The
details of the derivations of Equation (6) are
shown in Appendix A. ‘

3.0 NUMERICAL SCHEME

This paper centres on  the B]ackstock
component of Szabo equation, whereby the
Heaviside step function is sel to unity. The
numerical framework is based on Equation (6).
This cquation predicts the Gaussian spreading
of "spherical waves-as the. field radiatessaway
from the source, using the theory of Green’s
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1 [e‘en s function is
el a :fi (R/C )scaled by

o 1{5‘ sphencal diffraction
(K y tal 2008)
TS "for “the simulations  arc
Uﬁl‘he"sphencal source (radiator) is
“hssurmed to have an aperture size a = 0.01m,

: Ihe,,,attenuanon .coefficicnt is assumecd to
maintajnscanstant -value of 0.1 throughout the
analysxs,,,.,and small ‘phase spced was also
Vconsxc}t;red,;,We .considered simulation time

e

v

<0 b))y

from O to 80us for three different radial
0.0Im, O.Im and Im respectively
The radial distance 0.1m (R>a} is considered as
the intermediate zone for the ficld distribution,
while that of the Im (R>>a) i1s considered as the
far zonc. The computational results are then
plotted in Figures -3 respectively. The plots
arc thereafter superimposed in Figure 4. The
idca 1s to observe the symmetric behaviour of
the ficlds at varying radial distances in time
domain.
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‘ 4 0 DISCUSSION

The thrust of this paper centres on the
construction .and .numerical computation of
Green’s‘function in time domain, with a view to
analysing the status of the electromagnetic wave
as - it rpropagates from the source (spherical
radiator) to:a-defined radial distance, R. The
Green’s -function (Equation (0)) predicts the
Gaussian spreading of spherical waves as the

field radiates away from the source. Equation

(6) is localized at ¥ = (Rfe,).
' The ;parameterization of the simulation is
purely’ arbitrary. The attenuation coefficient is
assumed.to be small for numerical convenience.
Under practical conditions, the attenuation
coefficient is environmentally dependent. The
numerical computation for the Green's function
is carried out for varying propagation time for
three different radial distances (0.0lm: near

zone, .0.lm: intermediate zone, and 1m: far

zone),. having assumed that the source has a
spherical aperture size of 0.01m (radius).

The numerical results are plotted in Figures
1-3, and comparative observation in Fig. 4. The
observed Green’s function follows Gaussian
distribution (Kreyszig, 2005; Akala et al,
2010), with common- symmetry about t=10ps
and the! solution fals asymp-totically. The
Green’ s‘functlbn‘ decays rapidly from the point
of. symmetry. to about 20ps. As the time
approaches infinity, the Green’s function on the
-other hand approaches zero.

A decrease in the {ail of the amplitude of
.the Green’s function is noted as thc radial
distance' from the source increascs. We
iinteg‘prcicd this to have' a direct relationship
~with'the strength of the electromagnetic ficld. In
other words, the Green’s function represents the
strength, of the clcctromagnetic ficld. In
comparison with the aperture size, there is
marked ;. decrease .in the strength of the
electromagnetic field as the radial distance
increases. This was observed to decrease from
about 70 (unit) to 0.07 (unit) for the ncar zone
and far zone respectively.

“The ‘physidal interpretation of #he fall in the
“strength of the electromagnetic ficld is that
energy is being transferred from spherical wave

front to a slowly decaying wave (i.c. energy is
dissipated as the wave radiates :vway from the
source (Jackson, 1974)). Besides, the slowly
decay is interpreted to be connzcted with the
gradual rclaxation of the medium after the
initial wave front has passed. This effort has
practical  applicaton in omni-directional
radiating system (antenna) desigrs, whereby the
challenge of aperture (array) dircctivity nceds to
be addresscd.

5.0 CONCLUSION

Tac Gausstan spreading of waves {rom a
spherical radiating source has baen presented,
with  the  construction  and  numerical
computation of Green's functior as the centre
tool. The observed Green’s fuaction follows
asymptotic behaviour with rapid decay in the
amplitude of the Green's function from the
centre of symmetry i time to about 20us. The
function also approuches zero as the time
approaches infinity, which imnlics that the
Green's function as applies Lo clectromagnetic
radiation obeys Gaussian spreading.

There is marked decrease in the strength of
the clectromagnetic ficld as the radial distance
increases. This is due to the trar sfer of energy
from spherical wave front to a s owly decaying
wave (i.c. cnergy is dissipaled as the wave
radiates away from the source (Jackson, 1974).
Bestdes. the slowly decay is intcrpreted to be
connccted with the gradual relaxation of the
medium after the initial wave front has passed.

Overall. the effort presentec. in this paper
has practical applications in the ccsign of omni-
directional radiating sysler (antenna),
cspecially when the need (¢ address the
challenge of aperture (array) directivity arises.
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l
G(R,1)=
(R,1) o

‘Hj (DexplipReos@ xsing pde, dor dyp
00 0

0

After evaluating Py and Yo mtegrals in equation (A0,

) | S e
G (R,l)—~m<—’[n psing pRIG _(dp (A7)

Substituting equation (A5) into cquation (A7) and exploiting the cvenness of the incerand vields;
: vipr
sm(pR)cxl{—?—“}v- ll\m A

G (R )_( U(I)J'

47°R 7= b

It is worthy to note that cquation (A8) is an exact Fourter ntegral repiesentiton of the three

dimensional Green’s function. Evaluating this integral in close form scems impossible. For
simplicity, there is nced to sct 4 to unity, so that,

S (AS)

U)o, '
G (R,r)_z”—zk—jwsm(plf)cxl{— l\m po)dp (A9)

Adopting an identity based on cosinc addition formula.

%Lixp(‘ a})z)Sin(PR)sin(bh)d/) = \/‘% [CXP(~ (R - /’):/"4‘1)”’ L‘\P(_ (R4 by ,/“l")](_\ 10)

Using the identity in cquation (A10). and taking ¢~ /007 = and b=

expressed as;

.l equasion (A9) can be

G(R.1) = ex z-R/c“): 2p)—expl=(r+ R /2n ‘
| ﬂ\/'—[ P( /7’) I( R )} (AT1)
Setting n=2Ra, , equation (All) becomes:
U t 1 ) ) i e ) 2 4 P
G(R,1)= —IISJd_?)m[CXP(— (1-R/c, )'/41\ . )— C\p(— G+ /\I,-(‘,,) [ R, )] (AL2)

The first term of equation (A12) represents the outgoing wave. while the second term represents the
incoming wave. At large times, the incoming wave term can be neglected.
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